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In this work, we have studied the isothermal compressibility (κT ) as a function of temperature,
baryon chemical potential and centre-of-mass energy (
√
sNN ) using hadron resonance gas (HRG) and
excluded-volume hadron resonance gas (EV-HRG) models. A mass cut-off dependence of isothermal
compressibility has been studied for a physical resonance gas. Further, we study the effect of heavier
resonances (> 2 GeV) on the isothermal compressibility by considering the Hagedorn mass spectrum,
ρ(m) ∼ exp(bm)/(m2 +m20)5/4. Here, the parameters, b and m0 are extracted after comparing the
results of recent lattice QCD simulations at finite baryonic chemical potential. We find a significant
difference between the results obtained in EV-HRG and HRG models at higher temperatures. The
inclusion of the Hagedorn mass spectrum in the partition function for hadron gas has a large effect
at a higher temperature. A higher mass cut-off in the Hagedorn mass spectrum takes the isothermal
compressibility to a minimum value, which occurs near the Hagedorn temperature (TH). We show
explicitly that at the future low energy accelerator facilities like FAIR (CBM), Darmstadt and NICA,
Dubna the created matter would have higher compressibility compared to the high energy facilities
like RHIC and LHC.
PACS numbers:
I. INTRODUCTION
Ultra-relativistic heavy-ion colliders such as Relativis-
tic Heavy Ion Collider (RHIC) and Large Hadron Collider
(LHC) aim to produce matter at extreme conditions of
temperature and/or energy density, where a phase tran-
sition is expected to take place from colorless hadronic
matter to a colored phase of quarks and gluons known
as Quark-Gluon Plasma (QGP). Lattice QCD (lQCD)
predicts a smooth crossover transition between hadron
gas (HG) phase and QGP phase at zero baryon chemical
potential [1, 2]. However, various QCD inspired phe-
nomenological models predict a first order phase transi-
tion from HG to QGP phase [3–6]. These results advo-
cate the possible presence of a critical point (CP), where
the first order phase transition ends. Currently, theoret-
ical and experimental studies are dedicated towards un-
derstanding the nature of the QCD phase transition and
location of CP. Thermodynamic observables such as spe-
cific heat and isothermal compressibility are very useful
in quantifying the nature of the phase transition and to
obtain the equation of state (EOS) of the matter. Spe-
cific heat measures the change in energy density with
respect to the change in temperature and is also related
to the temperature fluctuation in the system [7–9]. The
isothermal compressibility (κT ) defines the change in vol-
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ume with the change in pressure at constant temperature.
It can be expressed as a second order derivative of Gibbs
free energy with respect to pressure and is expected to
diverge at CP. Thus, κT and CV are very helpful in un-
veiling the nature of the phase transition and helpful in
the search for CP.
Various methods are employed to study κT of hadrons
produced in heavy-ion collision experiments. Ideal
Hadron resonance gas (HRG) model is a type of
statistical-thermal model, which is used to describe the
behaviour and properties of hadrons in equilibrium [10–
21]. In this model, the hadrons and their resonances
are assumed as ideal or non-interacting particles. HRG
model is very successful in describing the particle ratios
measured in various heavy-ion collision experiments [10,
12–17] as well as in nucleon-nucleus and nucleon-nucleon
collisions [22, 23]. However, when HRG is used to study
the phase transition from hadron gas (HG) to quark-
gluon plasma (QGP) phase using Gibbs construction,
an anomalous reversal of phase from QGP to HG is ob-
served at large baryon chemical potential and/or tem-
perature [24]. This ambiguity is removed by giving a
hard-core size to each baryon which results in strong
repulsive interactions between a pair of baryons or an-
tibaryons. Such type of statistical-thermal model is
known as excluded- volume hadron resonance gas (EV-
HRG) model, which is also very successful in describing
various properties of hadrons particularly at lower col-
lision energies [24–35]. Hagedorn has proposed an ex-
ponentially increasing continuous mass spectrum to de-
scribe a variety of particles called as Hagedorn mass spec-
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2trum. This is given as [36],
ρ(m) =
A
(m2 +m20)
5/4
exp(m/TH). (1)
Here, m0 and A are the free parameters extracted by
comparing the lattice QCD (lQCD) results with the
hadron resonance gas (HRG) model including Hagedorn
mass spectrum at finite baryochemical potential. The
slope of this spectrum is defined by the limiting Hagedorn
temperature, TH . The partition function of a hadronic
matter diverges above TH and a new phase is possibly
formed called as quark-gluon plasma (QGP). Thus, in
the infinite mass limit, the thermodynamical observables
for the Hagedorn resonance gas would show critical be-
haviour as it reaches to TH (∼150 ± 15 MeV [37]) which
approximately equals to the critical temperature (TC ∼
159 ± 10) [2]. The thermodynamic and transport prop-
erties of hadrons modify significantly after incorporating
the Hagedorn states (HS) in the HRG model. The speed
of sound (cs) becomes lower at the phase transition when
one adds mass spectrum in HRG and describes the lQCD
data successfully [38–42]. A similar decrease is also found
in shear viscosity to entropy ratio (η/s) when comparing
the results obtained with HS [38, 40, 43, 44]. These find-
ings prompt us to carry out a study of effect of Hagedorn
mass spectrum on isothermal compressibility (κT ) of a
hadron gas at very high temperature.
In this paper, we have presented the calculation of the
isothermal compressibility of a hadronic matter produced
in high energy collisions using hadron resonance gas and
excluded-volume model. We study κT as a function of
temperature, baryon chemical potential, mass cut-off and
centre-of-mass energy. We also see the behaviour of κT
after including the Hagedorn mass spectrum in the grand
partition function for hadrons in HRG. The experimen-
tal data [45] for isothermal compressibility at the Rel-
ativistic Heavy-Ion Collider (RHIC) at Brookhaven Na-
tional Laboratory (BNL) and Super Proton Synchrotron
(SPS) of CERN are also shown for comparison. The re-
sults of event generators such as A Multi Phase Trans-
port (AMPT) model, Ultra-relativistic Quantum Molec-
ular Dynamical (UrQMD) simulation and EPOS are pre-
sented for completeness [45].
The paper is organised as follows: in Section II, we
give the formulation of isothermal compressibility for a
physical hadrons gas using HRG and EV-HRG models.
Here, we have taken all the hadrons and their resonances
having masses upto a cut-off value of 2 GeV. Further, we
include those resonances which have well-defined masses
and widths. The branching ratios for sequential decays
are also accounted for in both the models. In addition,
we present the calculation of κT in HRG with Hagedorn
mass spectrum. In Section III, we discuss the results
obtained using this formulation. Finally, we summarise
and conclude in Section IV.
II. METHODOLOGY
In this section, we present the formulations used to
calculate the isothermal compressibility (κT ) for a hot
hadronic matter. In this work, first, we discuss hadron
resonance gas (HRG) model used for calculation of κT .
We then present the formulation of Excluded-Volume
Hadron Resonance Gas model based on van der Waals
type of interactions. Finally, we derive isothermal com-
pressibility after including the Hagedorn mass spectrum
in the HRG model.
A. Hadron Resonance Gas (HRG) Model
In this subsection, we consider a non-interacting physi-
cal hadron resonance gas. The grand canonical partition
function for a ideal system of ith particle species con-
tained in a volume V in Boltzmann’s approximation with
mass mi and chemical potential µi is given as [10],
lnZi =
giV
2pi2
∫
p2dp exp [−(εi − µi)/T ], (2)
where gi is the degeneracy factor and εi =
√
p2 +m2i is
the energy of ith particle. The number density of hadrons
calculated by using the basic thermodynamical relation-
ship given as follows,
ni =
gi
2pi2
∫
p2dp exp[−(εi − µ)/T ]. (3)
The isothermal compressibility is a measure of change of
volume with the change in pressure at a constant tem-
perature and average number of particles, which is given
as [48],
κT |T,〈Ni〉 = −
1
V
(
∂V
∂P
)∣∣∣∣
T,〈Ni〉
(4)
In order to calculate κT , we proceed as follows. The
change in pressure can be written as,
dP =
(
∂P
∂T
)
dT +
∑
i
(
∂P
∂µi
)
dµi, (5)
which gives,(
∂P
∂V
)∣∣∣∣
T,{〈Ni〉}
=
∑
i
(
∂P
∂µi
) (
∂µi
∂V
)∣∣∣∣
T,{〈Ni〉}
. (6)
The first factor is the formula for Ni and the second
factor is obtained from the condition of constancy of Ni
3as follows,
dNi =
(
∂Ni
∂T
)
dT +
(
∂Ni
∂V
)
dV +
(
∂Ni
∂µi
)
dµi. (7)
If Ni and T are kept constant, then Eq. 7 reduces to(
∂µi
∂V
)∣∣∣∣
T,{〈Ni〉}
= −
(
∂Ni
∂V
)(
∂Ni
∂µi
) . (8)
In the HRG model,
∂N
∂V
=
∂P
∂µ
. Thus, Eq. 6 becomes,
(
∂P
∂V
)∣∣∣∣
T,{〈Ni〉}
= −
∑
i
(
∂P
∂µi
)2
(
∂Ni
∂µi
) (9)
Using Eqs. 4 and 9, we get,
kT |T,{〈Ni〉} =
1∑
i
[(
∂P
∂µi
)2
/
(
∂ni
∂µi
)] . (10)
Here, ni = Ni/V =
∂P
∂µi
and calculated by using equa-
tion 3.
B. Excluded-Volume Hadron Resonance Gas
(EV-HRG) Model
Now, we describe an equation of state for the HG based
on the excluded-volume correction [24], where a hard-
core size is assigned to all the baryons while mesons are
treated as point-like particles in the grand canonical par-
tition function. An excluded-volume correction in physi-
cal hadron resonance gas indirectly takes care of van der
Waals-like repulsive interactions that arise due to a hard
core size of the particles. In this approach, an annihi-
lation of baryons and anti-baryons is not allowed. The
excluded number density is calculated as [24],
nexi =
λi
V
(
∂lnZexi
∂λi
)
T,V
, (11)
with
lnZexi = V (1−
∑
j
nexj V
0
j )Iiλi, (12)
Here, V 0j is the eigen-volume assigned to each baryon
of jth species and hence
∑
j njV
0
j becomes the total oc-
cupied volume where nj represents the total number of
baryons of jth species.
Equation 11 leads to a transcendental equation:
nexi = (1−R)Iiλi − Iiλ2i
∂R
∂λi
+ λ2i (1−R)I
′
i , (13)
where I
′
i is the partial derivative of Ii with respect to λi
and R =
∑
i n
ex
i V
0
i is the fractional occupied volume. We
can write R in an operator equation form as follows [49]:
R = R1 + ΩˆR, (14)
where R1 =
R0
1+R0 with R
0 =
∑
n0iV
0
i +
∑
I
′
iV
0
i λ
2
i ; n
0
i
is the density of point-like baryons of ith species and the
operator Ωˆ has the form:
Ωˆ = − 1
1 +R0
∑
i
n0iV
0
i λi
∂
∂λi
. (15)
Using Neumann iteration method and retaining the series
upto Ωˆ2 term, we get
R = R1 + ΩˆR1 + Ωˆ
2R1. (16)
Once we get R, we can calculate the excluded number
density and isothermal compressibility by using equa-
tions 10 and 13, respectively.
C. Hagedorn Mass Spectrum
In this subsection, we include exponentially increasing
continuous mass spectrum of the Hagedorn form given
by eq. 1 in the grand canonical partition function for a
hadron gas, which is given as,
lnZ =
1
2pi2
∫
exp
(
− (ε− µ)/T
)
p2dp
×
∫ ∞
m0
ρ(m)dm, (17)
where, the spectral function, ρ(m) can be written as,
ρ(m) =
A
(m2 +m20)
5/4
exp(m/TH). (18)
Now, eq. 17 becomes,
lnZ =
1
2pi2
∫
exp
(
− (ε− µ)/T
)
p2dp
×
∫ ∞
m0
A
(m2 +m20)
5/4
exp(m/TH)dm. (19)
The values of A and m0, those arise from fitting the
lQCD data are 0.57 GeV−3/2 and 0.425 GeV, respec-
tively [50]. Here, the Hagedorn temperature, TH = 0.180
GeV [50]. The formula for the number density and pres-
sure of hadrons after including the Hagedorn mass spec-
trum is given as follows,
4n =
1
2pi2
∫
exp
(
− (ε− µ)/T
)
p2dp
×
∫ ∞
m0
A
(m2 +m20)
5/4
exp(m/TH)dm, (20)
and,
P =
∫
exp
(
− (ε− µ)/T
) p4
3ε
dp
×
∫ ∞
m0
A
(m2 +m20)
5/4
exp(m/TH)dm. (21)
The isothermal compressibility of hadrons in the pres-
ence of Hagedorn mass spectrum is calculated by using
eq. 10.
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FIG. 1: (color online) The isothermal compressibilities ob-
tained in HRG model as a function of temperature for various
mass cut-offs at µB = 0.5 GeV.
III. RESULTS AND DISCUSSION
In figure 1, we have shown the κT as a function of tem-
perature for various mass cut-offs at µB = 0.5 GeV cal-
culated in HRG model. κT decreases with temperature
due to increase of number of particles. We also observe
that isothermal compressibility has a lower value when
higher mass resonances added into the system. This sug-
gests that with more number of particles, it is difficult
to compress the system and hence it becomes more in-
compressible. This could be because of particles gaining
higher kinetic energy. Further, we have explicitly calcu-
lated the change in number density in HRG model with
µB = 0.5 GeV at T = 0.170 GeV for various mass cut-
offs. We find 23% increase in number density when mass
cut-off increases from 1.0 GeV to 1.5 GeV.
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FIG. 2: (color online) κT as a function of temperature for
various µB . The lines are the results obtained in HRG model
for different µB .
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FIG. 3: (color online) Variation of κT as a function of T and
µB in HRG model.
Figure 2 depicts the isothermal compressibility calcu-
lated in HRG model as a function of temperature for
various µB with mass cut-off of 2 GeV. We notice that,
κT decreases with the temperature and has lower values
for higher baryon chemical potential, which goes inline
with the concept that as the number of baryon states in-
5crease, the system becomes incompressible. The effect of
baryon chemical potential on κT is more pronounced at
a lower temperature.
In Fig. 3, a 3-dimensional (3D) plot of isothermal com-
pressibility calculated in HRG model as a function of T
and µB is shown. It is observed that κT decreases with
T at a constant µB and its values decrease with the in-
creasing µB for a given temperature of the system.
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FIG. 4: (color online) κT as a function of temperature. Black
line is the result obtained in EV-HRG and dotted red line is
from HRG calculations.
Now, we want to compare the results of HRG and EV-
HRG models. For this, we compare κT calculated in
both the models for µB = 0.5 GeV with mass cut-off =
2 GeV as shown in Fig. 4. We notice that when κT is
varied as a function of T , the EV-HRG results lie above
those obtained in HRG model and the difference is larger
at a higher T . This finding tells that excluded-volume
correction in ideal hadron gas model plays an important
role as we go towards higher temperatures.
Figure 5 represents the results of κT estimated in the
HRG model for µB = 0.5 GeV. We have also shown
the results after adding the Hagedorn states (HS) in the
grand partition function of HRG model for various upper
mass limits. Here, we take continuous mass spectrum in
the calculation above hadron mass of 2 GeV. An upper
mass limit in the mass integration is taken upto 10 GeV.
The decrease in compressibility is found with the addi-
tion of higher HS into the system. The effect of Hagedorn
states is prominent when the mass cut-off increases from
2 GeV to 3 GeV.
Figure 6 depicts the impact of baryochemical poten-
tial on the isothermal compressibility for hadronic mat-
ter calculated in both HRG and HRG+HS models, where
an upper mass limit of 2 and 10 GeV are taken in the
HRG and HRG+HS models, respectively. It is evident
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FIG. 5: (color online) κT as a function of temperature in HRG
model and HRG with Hagedorn mass spectrum for various
mass cut-offs at µB = 0.5 GeV.
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FIG. 6: (color online) κT as a function of temperature in HRG
model and HRG with Hagedorn mass spectrum for various µB
at mass cut-off of 10 GeV.
from the figure that κT has lower values particularly at a
higher T in case of HRG+HS in comparison to that ob-
tained in HRG. Again, we notice that it decreases with
the increasing baryonic chemical potential for both the
cases. Addition of Hagedorn states reduce the values of
κT supports the earlier findings that inclusion of higher
masses makes the system incompressible.
In order to study the collision energy dependence of
isothermal compressibility, we need a parametrisation of
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FIG. 7: (color online) The centre-of-mass energy dependence
of κT obtained in HRG, excluded-volume HRG and HRG
with Hagedorn states. Transport model results from AMPT,
UrQMD and EPOS are shown and results from Ref. [45] are
superimposed for comparison.
temperature and baryon chemical potential in terms of
centre-of-mass energy [51]:
µB =
a
1 + b
√
sNN
, (22)
and,
T = c− dµ2B − eµ4B , (23)
where the parameters in EV-HRG are: a = 1.482±0.0037
GeV, b = 0.3517±0.009 GeV−1, c = 0.163±0.0021 GeV,
d = 0.170± 0.02 GeV−1 and e = 0.015± 0.01 GeV−3. In
case of HRG, the parameters are: a = 1.22 ± 0.04 GeV,
b = 0.242 ± 0.017 GeV−1, c = 0.170 ± 0.003GeV, d =
0.190±0.039 GeV−1 and e = 0.0108±0.0074 GeV−3 [24].
Figure 7 represents κT as a function of centre-of-mass en-
ergy (
√
sNN ) evaluated at the chemical freeze-out tem-
perature (Tch). In the course of evolution of a hot fireball
created in heavy-ion collisions, the particle multiplicity
is frozen at the chemical freeze-out, where the inelastic
collisions cease. This chemical freeze-out surface thus
corresponds to a fixed temperature and baryon chemical
potential at a given collision energy. In order to estimate
the isothermal compressibility at a given collision energy
in the context of HRG, EV-HRG and HRG+HS, we use
the chemical freeze-out parameters as the inputs.
The solid line is the result obtained in EV-HRG model
while the dashed line is the result obtained in HRG
model. The dash-dotted line is the calculation done in
the framework of a HRG model with the Hagedorn mass
spectrum. We perceive that isothermal compressibility
initially decreases rapidly with
√
sNN and gets saturated
around collision energy of 10-20 GeV. This change of be-
haviour of κT emphasises a very different nature of the
system at lower collision energies in comparison to higher
energies. The energy window at which such a change of
behaviour of compressibility is observed could be the on-
set of phase transition from hadron gas to QGP. Signif-
icant differences are found between EV-HRG, HRG and
HRG+HS results for
√
sNN > 10 GeV. Further, we find
that addition of Hagedorn states in the HRG model low-
ers down the values of isothermal compressibility. The
results in HRG+HS framework are found to be closer
to the results obtained in ref [45], which are shown by
the green inverted triangles. Other theoretical models,
however, show some degree of deviation. This neces-
sitates the inclusion of such Hagedorn mass spectrum
while studying thermodynamical observables. We know
that κT is related to the particle multiplicity fluctuation,
temperature and volume of the system formed in heavy-
ion collisions [45]. Multiplicity fluctuations are extracted
from the event-by-event distributions of charged parti-
cle multiplicities in narrow centrality bins. The dynam-
ical part of the multiplicity fluctuations are obtained by
removing the contributions from the number of partici-
pating nucleons. In Ref. [45], κT is evaluated at vari-
ous collision energies using the dynamical part of mul-
tiplicity fluctuations. In an experimental scenario, the
chemical freeze-out temperatures are obtained by parti-
cle yields and their ratios, which are in agreement with
those obtained from combined fits of net-charge, net-kaon
and net-proton fluctuations [46, 47]. Hence, it is rea-
sonable to use the chemical freeze-out temperature as
a proxy to the temperature where fluctuations happen
to cease. We therefore use chemical freeze-out tempera-
ture for the estimation of isothermal compressibility. In
a similar fashion, the values of κT have been estimated
from three different transport models, such as, AMPT
with string melting scenario (AMPT-SM), UrQMD and
EPOS. These values have been plotted in Fig. 7. This
study helps in confining the search for critical point in
the QCD phase diagram to a centre-of-mass energy of
10-20 GeV per nucleon. It is observed that the matter
created in heavy-ion collisions at the lower collision en-
ergies like in future facilities e.g. CBM@FAIR, NICA,
Dubna is more compressible, unlike that created at the
RHIC and LHC energies.
IV. SUMMARY AND CONCLUSIONS
In the present work, we have estimated the isother-
mal compressibility for hot and dense hadron gas using
HRG and EV-HRG models. Here, hadrons and their res-
onances of masses only upto 2 GeV are considered in the
system. We study the mass as well as baryon chemical
potential dependence of κT as a function of temperature.
7We have also shown the effect of Hagedorn mass spec-
trum on κT after including the continuous mass spectra
in the grand canonical partition function for hadron gas
in HRG model. The lower limit of mass cut-off is set to 2
GeV in the mass integration of Hagedorn mass spectrum
while the upper mass cut-offs vary from 3 – 10 GeV. The
findings of this study are summarised below:
• Isothermal compressibility decreases with the in-
creasing temperature which suggest that the sys-
tem at higher temperature behaves as incompress-
ible matter.
• It is also observed that isothermal compressibility
becomes lower for higher mass cut-offs and larger
baryochemical potential. This again emphasises
that, it is difficult to compress the matter with the
addition of more number of baryons and heavier
resonances. The effect of baryochemical potential
is more prominent at lower temperatures.
• The effect of continuous mass spectra is seen on
κT , where heavier resonances having masses above
2 GeV are included into the system. Addition of
more number of resonances lowers the values of
isothermal compressibility.
• A collision energy dependence of κT is studied in
EV-HRG, HRG and HRG+HS models. Isother-
mal compressibility initially decreases rapidly with
collision energy and it becomes saturated beyond√
sNN = 10-20 GeV. This suggests a very different
nature of the system formed in lower collision ener-
gies. Significant differences in the results from EV-
HRG, HRG and HRG+HS are found for
√
sNN >10
GeV. We emphasise the need to have more exper-
imental data as a function of collision energy from
very low to high energies.
• Addition of Hagedorn mass spectrum in the HRG
model reduces the isothermal compressibility and
hence it approaches closer to the results obtained
using experimental data at higher collision energies
in comparison to the other theoretical calculations.
This signifies the use of Hagedorn mass spectrum
into the system while studying the isothermal com-
pressibility.
• We observe that the produced hadronic matter is
more compressible at FAIR and NICA collision en-
ergies as compared to RHIC and LHC energies.
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